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This paper presents an extension of the £, adaptive output-feedback controller to systems of unknown relative
degree in the presence of time-varying uncertainties without restricting the rate of their variation. As compared with
earlier results in this direction, a new piecewise continuous adaptive law is introduced, along with the low-pass-
filtered control signal that allows for achieving arbitrarily close tracking of the input and the output signals of the
reference system, the transfer function of which is not required to be strictly positive real. Stability of this reference
system is proved using a small-gain-type argument. The performance bounds between the closed-loop reference
system and the closed-loop £, adaptive system can be rendered arbitrarily small by reducing the step size of
integration. Missile longitudinal autopilot design is used as an example to illustrate the theoretical results.

1. Introduction

ODERN fighter aircraft and munitions need to operate in

highly nonlinear and uncertain flight regimes, for which
accurate aerodynamic modeling is not possible or is overly
expensive. The control design challenge for these vehicles is to
ensure safe operation in the presence of such uncertainties, without
sacrificing the maneuverability of the vehicle. Both classical and
modern control design methods have been extensively investigated
for performance improvement of such vehicles in the presence
of uncertainties. Their performance is well known to depend upon
accurate knowledge of the system dynamics and is limited by
the presence of unmodeled high-frequency effects. The same is
particularly true for adaptive methods that lose their robustness
in the presence of fast adaptation [1-4]. The recently developed £,
adaptive controller [5-7] opened new opportunities for addressing
the control challenge for highly uncertain vehicles in the presence
of component failures, aerodynamic uncertainties, and disturban-
ces. It is important at this point to emphasize the significance of
output-feedback architectures, which have the potential to relax the
matching assumption, typically appearing in state-feedback adaptive
control architectures. One of the fundamental limitations of adaptive
output-feedback approaches is the requirement for the reference-
system dynamics to have a strictly-positive-real (SPR) transfer
function between the input and the regulated output [8]. When the
SPR condition does not hold, then the obtained results lead to
ultimate boundedness, which are hard to quantify rigorously and/or
to reduce in desirable way [9,10]. On the other hand, the SPR
requirement for the reference system restricts the class of reference
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behaviors that can be achieved by adaptation for the given unknown
plant [6,11].

This paper extends the results of [6] to an output-feedback
framework by considering reference systems that do not verity the
SPR condition for their input—output transfer function. The key
difference from the results in [6] is the new piecewise continuous
adaptive law. The adaptive control is defined as the output of a low-
pass filter, resulting in a continuous signal despite the discontinuity
of the adaptive law. Similar to [6], the £_,-norms of both input/output
error signals between the closed-loop adaptive system and the
reference system can be rendered arbitrarily small by reducing the
step size of integration.

We note that adaptive algorithms achieving arbitrarily improved
transient performance for a system’s output were reported in [12—
26]. As compared with those results, [5,6] presented the opportunity
to also regulate the performance bound for a system’s input signal by
rendering it arbitrarily close to the corresponding signal of a bounded
linear time-invariant reference system. Unlike conventional adaptive
controllers, the £, adaptive controllers adapt fast, leading to desired
transient and asymptotic tracking with a guaranteed, bounded away
from zero, time-delay margin [27]. The results from [5,6] have been
intensively applied in flight tests [11,28-31] and various mid- to
high-fidelity simulation environments [32-35]. Insights into the
performance of £; adaptive controller can be obtained from the
analysis of a simple linear system in [36], in which sensitivity and
cosensitivity transfer functions are analyzed for disturbance rejec-
tion and noise tolerance in the presence of a large adaptation rate.
Further, the results in [37] provide systematic design guidelines for
selection of the underlying filter to achieve the desired performance
bound while retaining a guaranteed time-delay margin.

This paper presents the adaptive output-feedback counterpart
of the results in [3,6], without enforcing the SPR condition on the
input/output transfer function of the desired reference system,
which typically appears in conventional adaptive output-feedback
schemes. The paper also uses the longitudinal dynamics of the
missile from [38] to demonstrate the usefulness of the methodology.
Different applications of this methodology can be found in [39,40].

The paper is organized as follows. Section II gives the problem
formulation. In Sec. III, the closed-loop reference system is intro-
duced. In Sec. IV, some preliminary results are developed toward
the definition of the £, adaptive controller. In Sec. V, the novel £,
adaptive control architecture is presented. Stability and uniform
performance bounds are presented in Sec. VI. In Sec. VII, simulation
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results are presented, and Sec. VIII concludes the paper. The small-
gain theorem and some basic definitions from linear systems theory
used throughout the paper are given in the Appendix. Unless
otherwise mentioned, || - || will be used for the 2-norm of the vector.

II. Problem Formulation
Consider the following single-input/single-output (SISO) system:

y(s) = A(s)(u(s) +d(s)).  y(0)=0 (1)

where u(f) € Ris the input; y(¢) € R is the system output; A(s) is a
strictly proper unknown transfer function of unknown relative degree
n,, for which only a known lower bound 1 < d, < n, is available;
d(s) is the Laplace transform of the time-varying uncertainties and
disturbances d(f) = f (¢, y(¢)) and f is an unknown map, subject to
the following assumptions.

Assumption 1. There exist constants L > 0 and L, > 0 such that

lf@.y) = f(t.y)l = Llyy—yol. (6.9 = LIyl + Lo

hold uniformly in 7 > 0, where the numbers L and L, can be
arbitrarily large.

Assumption 2. There exist constants L; > 0, L, > 0, and L3 >0
such that

()] = Ly (O] + Laly(0)] + Ls
for all + > 0, where the numbers L, L,, and L5 can be arbitrarily
large.
Let r(¢) be a given bounded continuous reference input signal. The
control objective is to design an adaptive output-feedback controller

u(r) such that the system output y() tracks the reference input ()
following a desired reference model: that is,

y(s) ~ M(s)r(s)

where M (s) is a minimum-phase stable transfer function of relative
degree d,. We rewrite the system in Eq. (1) as

y(s) =M(s)(u(s) +o(s)).  y(0)=0 2

a(s) = ((A(s) = M(5))u(s) + A(s)d(s))/M(s) €)

Let (A,,, b,,, c,,) be the minimal realization of M(s); that is, it is
controllable and observable and A,, is Hurwitz. The system in Eq. (2)
can be rewritten as

x(1) = Ayx(1) + by (u(1) + 0(1)
y(0) =cpx(®),  x(0)=x,=0 4)

III. Closed-Loop Reference System
Consider the following closed-loop reference system:

yref(s) = M(S)(uref(s) + Gref(s)) (5)
o) = AL HN) T 40
uref(s) = C(S)(r(s) - O-ref(s)) (7)

where d,.;() = f(, yt(¢)), and C(s) is a strictly proper system of
relative order d,, with its dc gain C(0) = 1. Further, the selection of
C(s) and M (s) must ensure that

H(s) = A(s)M(s)/(C(s)A(s) + (1 — C(s))M(s)) ®)
is stable and

1G], L <1 ©

where G(s) = H(s)(1 — C(s)). This in turn restricts the class of
systems A(s) in Eq. (1), for which the proposed approach in this
paper can achieve stabilization. However, as discussed later in
Remark 3, the class of such systems is not empty. Letting

_A) _Cu(s) _ M)
B Ay(s) ’ B Cy(s) ’ B M,(s)

where the numerators and the denominators are all polynomials of s.
It follows from Eq. (8) that

A(s) C(s) M(s) (10)

Ccl (S)Mn (S)An (S)

B =06

an

where
Hy(s) = C,(9)A,()My(s) + M, (s)A4()(Cy(s) — C,(s)) (12)

A strictly proper C(s) implies that the order of C,(s) — C,(s) and
C,(s) is the same. Because the order of A,(s) is higher than
that of A, (s), the transfer function H (s) is strictly proper.

Lemma 1. If C(s) and M(s) verify the condition in Eq. (9), the
closed-loop reference system in Eqs. (5—7) is stable.

Proof. It follows from Egs. (6) and (7) that

o (s) = COMOI(S) = CS)AG)dror (5) 13
T C()A®s) + (1= C(s))M((s)

From Eqgs. (5) and (6), one can derive
Yeet (8) = H($)(C(s)r(s) + (1 — C(s))dyet(5)) (14)
Because H(s) is strictly proper and stable,
G(s) =H(s)(1 = C(s))
is also strictly proper and stable; therefore,
I¥retllc, = THSCO) g, 7lle, + 16O e, (Lllyrerlle,, + Lo)
Using the condition in Eq. (9), one can write

_MHESCO) I, 7l + 162, Lo
Vet ., < P, p=
L= G| L

(15)
Hence, ||yl -, is bounded, and the proof is complete. O
IV. Preliminaries for the Main Result
Let
Hy(s) = A(s)/(C(5)A(s) + (1 — C(s))M(s)) (16)

Hi(s) = ((A(s) =M (s))C(5))/ (C()A(s) + (1= C(5))M(s)) (17)
Hy(s) = H(s)C(s)/M(s) (18)

Hi(s) = —(M(s)C(5))/((C(s)A(s) + (1 = C(s))M(s)))  (19)
Using the expressions from Eqs. (10) and (12),
Hy(s) = Cy(5)A, ()M y(s)/H(s)
and H, (s) can be rewritten as
Hi(s) = (C,(9)A,()My(s) — C,,(s)Aq ()M, (5))/Hy(s)  (20)

Because the degree of C,(s) — C,(s) is larger than C,(s) by d,,
the degree of

Mn (S)Ad (S)(Cd (S) - Cn (S))

is larger than
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Cn(s)Ad(s)Mn(s)

by d,. Because the degree of A,(s) is larger than A,(s) by > d,
and the degree of M,,(s) is larger than M ,(s) by d,, the degree of

Mn (S)Ad (T) (Ca’ (Y) - Cn (Y))
is larger than that of
Cn (S)An (S)Md(s)

Therefore, H,(s) is strictly proper with relative degree d,. We
note from Eqs. (11) and (20) that H,(s) has the same denominator
as H(s), and it therefore follows from Eq. (9) that H,(s) is stable.
Using similar arguments, it can be verified that H(s) is proper and
stable. Similarly, H,(s) is strictly proper and stable. Let

A=[H )z 7z, + 1Ho($) g, (Lo + Lo)

H
+7(IOMON, + i@ L5 ) e

where y >0 is an arbitrary constant. Because both H,(s) and
M (s) are stable and strictly proper with relative degree d, and M(s)
is minimum-phase, H,(s)/M(s) is stable and proper. Hence,
| H,(s)/M(s)| z, exists. Therefore, A is bounded. Further, because
A,, is Hurwitz, there exists P = PT > 0, which satisfies the algebraic
Lyapunov equation:

AP+ PA, =-0, 0>0

From the properties of P, it follows that there exits nonsingular
\/ﬁ such that

P=(VP)"VP

Given the vector ¢, (v/P)!, let D be a (n— 1) x n matrix that
contains the null space of ¢, (v/P) !

D(c),(vP)™)T =0 (22)
and further let
o
A= [Dﬁ]

Lemma 2. For any

[]e

where y € R and z € R"!, there exist p, > 0 and positive definite
P, € R=Dx=1) quch that

ENAT)TPATE=piy* +2TPyz
Proof. Using P = (+/P)T +/P, one can write
§TAT)TPATE=8T(VPAT)(VPAT)E
We note that

S| envP)!
A(VP) 1_[ 1 }

Let

a1 = (cpn(VP) ) en(VP)Y )T, Q,=DDT

From Eq. (22), we have
(AP AP = [40‘ ’ ]
0,

Nonsingularity of A and +/P implies that

(AP Y AWP)THT

is nonsingular, and therefore Q, is also nonsingular. Hence,

(0 (2 ) = () ()

T o
= (AP («/FA'):|:qO QJ

Denoting p; = ¢7' and P, = Q;' completes the proof. O

Let T be any positive constant, which can be associated with the
sampling rate of the available CPU, and let 1, € R" be the basis
vector with the first element equal to 1 and all other elements equal to
0. Let ¢(T) € R""! be a vector, which consists of 2 to n elements of
1] exp[AA,,A~'T], and let

k(T) = / " 11T explAA, A~ (T — )]Ab, |dr 23)
0

Further, let
o
g(T) = lle(D m"‘dﬂA
oo 2AIATTPD, || \?
— T 1 4
@ = (A PA )(Amm(A*TQA*‘) ey

Letting
1] exp[AA, A~'1] = [n,()n; (1]
where 71,(t) € R and 7,(f) € R"™™! contain the first and 2 to n

elements of the row vector 1] exp[AA,, A~'#], respectively, we
introduce the following functions:

Bi(T) = g%(g);]lm(t)I, B(T) = gg_;]llnz(t)ll (25)

Further, let ®(T) be the n x n matrix:

O(T) = [T exp[AA,, A~(T — 1)]Adz (26)
0

B3(T) = trgg;]na(t)’ Bu(T) = ;gg;c]m(t) 27

where
t
0 = [ 17 exlaa, A~
0
— 1)]ADN(T) exp[AA,,A™'T]1,|dx,

t
00 = [ 17 explA4, A1 (1= 0D, dt
0

Finally, let

o

Py + B3 (1)g(T) + B4(T)A

(28)

V(1) = B1(T)s(T) + Bo(T)

Lemma 3. The following limiting relationship is true:
limy,(T) =0

Proof. Note that because 8,(T), B5(T)x, and A are bounded, it is
sufficient to prove that

limg(T) = 0 (29)
lim,(T) =0 (30)
lim,(T) = 0 31)



720 CAO AND HOVAKIMYAN

Because

lim1] explAA, AT =17

then
%,IE)I(I)d)(T) = 0n—l
which implies
lim|$(7)| =0
Further, it follows from the definition of «(7) in Eq. (23) that
1T1_r)r(1)/<(T )=0
Because o and A are bounded,
lime(7) =0
which proves Eq. (29). Because 7,(#) is continuous, it follows
from Eq. (25) that
lim B (T) = liml| (1)
Because

1irr0111T exp[AA, A1) =1]
1—>
we have
lim|[n, ()] =0
t—0
which proves Eq. (30). Similarly,
limB4(T) = lim||na (1) = O

which proves Eq. (31). The boundedness of ¢, 83(7), and A implies

;igg(ﬁl(T)c(T) + B2(T) + B3(T)s(T)

_*
)‘max (P2)

+ B4 (T)A) =0
which completes the proof. O

V. L, Adaptive Output-Feedback Controller

We consider the following state predictor (or passive identifier):

X(0) = Ay &) + byu(r) + 6(1)
$(0)=chi(n),  #0)=x=0 (32)

where 6(f) € R" is the vector of adaptive parameters. Note that
although o(¢) € R in Eq. (4) (i.e., the unknown disturbance) is
matched, the uncertainty estimation in Eq. (32), 6(¢) € R, is
unmatched. This is the key step of the solution and the subsequent
analysis.

Letting y(7) = y(z) — y(z), the update law for &(¢) is given by

a(t) =a6(iT), teiT,(i+ DT)

R (33)
6(iT) = =Y (T)u(iT), i=0,1,2,...
where ®(7) is defined in Eq. (26) and
RGT) = exp[AA, A~ TILFGT),  i=0,1,23,... (34

The control signal is defined as follows:

C(s) T

CT(SH_WCH,(S]I —A,)7'6(s)  (35)

u(s) = C(s)r(s) —

where C(s) was first introduced in Eq. (7). The £, adaptive controller
consists of Egs. (32), (33), and (35), subject to the condition in
Eq. (9.

We will now proceed with the computation of error bounds. Let
X(t) = x(r) — x(¢). The error dynamics between Eqs. (4) and (32) are

X(t) = A, (1) + 6(1) — b,,0(f)
¥(1) = ¢, %(1), x¥0)=0 (36)

Lemma 4. Let e(t) = y(t) — y,t(f). Then

1H()le, -
ledlz, < W (AP (37)
Proof. Let
6(s) = ) (s —A,)"'6(s) — C(s)a(s) (38)

en(I=A,) b,
It follows from Eq. (35) that
u(s) = C(s)r(s) — C(s)o(s) = a(s) 39)

and the system in Eq. (2) consequently takes the form

y(s) = M(s)(C(s)r(s) + (1 = C(s))a(s) —a(s)) (40
Substituting u(s) from Eq. (39) into Eq. (3) gives

a(s) = ((A(s) = M())(C(s)r(s)
— C(s)a(s) —a(s)) + A(s)d(s))/M(s)

and hence,

_ (A(s) = M())(C(s)r(s) — 6(s)) + A(s)d(s)
M(s) + C(s)(A(s) — M(s))

Using the definitions of H,(s) and H,(s) in Eqgs. (16) and (17), we
can write

o(s)

(41)

H,(s)

0(s) = Hi(9)r(s) =25

a(s) + Hy(s)d(s) (42)

Substitution into Eq. (40) leads to

y(s) = M(s)(C(s) + H,(s)(1 — C(s))) (r(S) - %)
+ Ho(s)M(s)(1 — C(s))d(s)
Recalling the definition of H(s) from Eq. (8), one can verify that

M(s)(C(s) + H,(s)(1 = C(s))) = H(s)C(s)

H(s) = Hy(s)M(s)
which implies
y(s) = H(s)(C(s)r(s) = G(s)) + H(s)(1 = C(s))d(s)

Using the expression for y,.¢(s) from Eq. (14) and letting d, (s) be the
Laplace transform of

dc([) = f(t’ y(t)) - f(l, yrcf(t))
one can derive
e(s) = H(s)((1 — C(s))d.(s) —(s))

Lemma 5 in the Appendix and Assumption 1 give the following
upper bound:

ez, = LIHS) @ = CD g llecdle, + e, (43)

where r|(¢) is the signal, with its Laplace transform being
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ri(s) = H(s)a(s)

Using the expression for o(s) from Eq. (38), along with the ex-
pression for y(s) from Eq. (2), and taking into consideration that

Y(s) = M(s)u(s) + ¢, (sT—A,)"'6(s)
we have

¥(5) = cp(sT—A,)7'6(s) — M(s)a(s)

_ M(s) C(s) “ia M(s)

= B L 1= 407606 D 51

_ M(s) .

=706) a(s) @4

This implies that | (s) can be rewritten as

(o) =S 56 = m(950)
and hence
71,1 < IHH2 ()|l g, 191l 2,
Substituting this back into Eq. (43) completes the proof. O

VI. Analysis of £; Adaptive Controller

In this section, we analyze the stability and the performance of
the £, adaptive controller. Using the definitions from Eq. (10), H3(s)
in Eq. (19) can be rewritten as

_Cn (S)Ad(s)Mn (S)

O =00

(45)

where H,(s) is defined in Eq. (12). Because

deg(cd(s) -G, (S)) - deg C, (S) =d,
it can be checked straightforwardly that H;(s) is strictly proper. We
note from Egs. (11) and (45) that H;(s) has the same denominator
as H(s), and therefore it follows from Eq. (9) that H;(s) is stable.
Because H;(s) is strictly proper and stable with relative degree d,,

H;(s)/M(s) is stable and proper and, therefore its £, norm is finite.
Consider the state transformation

§=AXx
It follows from Eq. (36) that

E(t) = AALATE(D) + A6() — Ab,o(n).  E0)=0 (46)

F0 =5 @7
where § 1(?) is the first element of g(t).
Theorem 1. Given the system in Eq. (1) and the £, adaptive con-

troller in Eqgs. (32), (33), and (35), subject to Eq. (9), if we choose T
to ensure

() <y (48)
where y is an arbitrary positive constant introduced in Eq. (21), then

I¥le, <¥ (49)

”y _yref”[;,Q =" ”M - Mref”[Oo =" (50)

with

Vi = 1Hy ()l z, 7/ (A = |G ()]l L)
Y2 = LIIHy ()|, 1 + 1H3() /M (), ¥

Proof. First, we prove the bound in Eq. (49) by a contradiction
argument. Because y(0) = 0 and y(¢) is continuous, then assuming
the opposite implies that there exists #' such that

I3l <y, VO=r<t 1)
Iy =7 (52)

which leads to
1Velle, =7 (53)

Because y(7) = y.t(¢) + e(?), the upper bound in Eq. (15) can be
used to arrive at

Iyelley = Iyver, lle, + leclle, = p
+ICEH /M), 7/ A =GOS, L) (54
It follows from Eqs. (42) and (44) that
o(s) = Hy(s)r(s) — H,(5)y(s)/M(s) + Ho(s)d(s)
and hence Eq. (53) implies that
lovlle, = 1Hi e Mrlley, + 1H(5)/ M), ¥
+ 1Ho ), (Lllyelle,, + Lo)
which, along with Eq. (54), leads to
lovlc, =A (55)
It follows from Eq. (46) that
EGT + 1) = exp[AA,, A~ EGT)

iT+t
+ / exp[AA, A7 (T + t — 1)]A6(iT)dz
i

T+t
- [ exp[AA, A~ (iT + t — 1)]Ab,0(r)dT
iT

— exp[AA, A-EGT) + [ "exp[AA, A1 (t — D]AG(T)dr
0

- /t exp[AA,, A~ (t — 1)]Ab,,0(iT + t)dt (56)
0

Because
S | YUT) 0
éan=1"0" |+ | i

it follows from Eq. (56) that

EGT + 1) = x(T + 1) + ¢(T + 1) (57)

where

X(iT -+ t) = exp[AAmA—lt][y(:)T) ]+

: (58)
/ exp[AA,, A~ (t — 1)]AG(iT)dr
0
CGT 4+ 1) = explAA, A
=e
- / "exp[AA, A1 (1 — D)]Ab, (T + )dr (59)
0
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In what follows, we prove that for all i7" < ¢, one has

[y(T)| = (T) (60)

FT(T)P,E(T) < (61)
where ¢(7T) and « are defined in Eq. (24). Because 5(0) =0, itis
straightforward that |7(0)| < ¢(7) and ZT (0)P,Z(0) < a. For any
(j+ DT < ¢, we will prove that if

YU = o(T) (62)

ZT(GTPZI(T) <« (63)
then Eqgs. (62) and (63) hold for j 4 1 too. Hence, Egs. (60) and (61)
hold for all iT < ¢
Assume that Eqs. (62) and (63) hold for j and, in addition,
G+npr=r (64)
It follows from Eq. (57) that
EG+DT) = x((G+ D) + &G+ DT) (65)

where
x((+ DT) = exp[AAmA_]T]|:§({)T)i|

+ /T exp[AA,, AN (T — 1)]A6(jT)dr (66)
0

0
§((j+ DT) = exp[AA, A™'T]|
z(T)
T
- / exp[AA,, A" (T — v)]Ab,,o(jT + t)dt (67)
0
Substituting the adaptive law from Eq. (33) in Eq. (66), we have
x((G+DT)=0 (63)

It follows from Eq. (§9) that {(¢) is the solution of the following
dynamics:

§(r) = AA, A7'E(1) — Ab,,0(1) (69)

«wn=:0n | reimaron o

Consider the following function
V() =T ()ATPATE()

overt € [T, (j + 1)T). Because A is nonsingular and P is positive
definite, A~TPA~! is positive definite, and hence V(¢) is a posi-
tive definite function. It follows from Lemma 2 and the relationship
in Eq. (70) that

V(E(T)) = 2T (GT)PZ(jT)

which further, along with the upper bound in Eq. (63), leads to the
following:

VEGT)) =« (71)

It follows from Eq. (69) that over ¢ € [T, (j + )T,

V() =T ()A"TPATTAA, AT
+T(OATAJATATTPTATC() 20T () A" TPA~'Ab,,0(1)
=0T (OATTQAT (1) =287 () AT Pb,0(1)

Using the upper bound from Eq. (55), one can derive over t €
LT, (j+ DT]

V(1) < =hmin(ATQAD DI + 215 AT P, 1A (72)
Note that for all ¢ € [jT, (j + 1)T], if
V() >« (73)

we have

HOE @ 2AIAT P
- )"max (AiTPA?l) )"min(AiTQAil)

and the upper bound in Eq. (72) yields

V() <0 (74)
It follows from Egs. (71), (73), and (74) that
V(i) <a, VY iel[jT,(+ DT]
and therefore
V(i + DT) =T (G + DDA TPANG + DT) <@ (75)
Because
E((+ DT) = x((i + DT) + &G + DT) (76)

the equality in Eq. (68) and the upper bound in Eq. (75) lead to the
following inequality:

ET(+ DDA TPANEG+DT) <«
Using the result of Lemma 2, one can derive that
2+ DT)PZ(( + DT)
<&+ DDATPATEG + DT) <«

which implies that the upper bound in Eq. (63) holds for j + 1.
It follows from Eqs. (47), (68), and (76), that

(G + DD =174 + DT)

and the definition of {((j + 1)7) in Eq. (67) leads to the following
expression:

S+ )T =17 exp[AAmA*‘T][Z (?T) ]

T
—-17 / exp[AA,, AT — 1)]Ab,, 0T + 1)dt (77)
0

The upper bounds in Egs. (55) and (63) allow for the following upper
bound:

5+ D)D) < 16DIIEGD]
+ f " 1T explAAL AT — D]Ab|lo(T + 7)|dr
0

_*
)‘max (PZ)

where ¢(T') and x(T) are defined in Eq. (23), and (T) is defined in
Eq. (24). This confirms the upper bound in Eq. (62) for j 4 1. Hence,
Eqgs. (60) and (61) hold for all iT < 7.

For all iT 4+t < ¢, where 0 < ¢t < T, using the expression from
Eq. (56), we can write that

= e + k(M)A =g(T) (78)
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FGT + 1) = 17 exp[AA,, A~1EGT)

1
+17 / exp[AA,, A7 (t — 1)]AG(iT)dt
0
1
-1] / exp[AA,, A~ (t — 1)]Ab,,0(iT + 1)dt
0

The upper bound in Eq. (55) and definitions of 1, (¢), 7, (¢), n3(t), and
n4(2) allow for the following upper bound:

YGT + D] < I OIFED] + [n O [1ZGD) |
+ 1G] + na(DA
Taking into consideration Eqs. (62) and (63) and recalling the
definitions of B,(T), B(T), B3(T), and B,(T) in Egs. (25-27) for all
0 < r < T and for any nonnegative integer i subject to i7 + ¢ < ¢,

we have

FGT + 01 = 1D + oD, [

+ B3(1)a(T) + (1A

Because the right-hand side coincides with the definition of y;,(7') in
Eq. (28), then for all 7 € [0, #'], we have

[F()] = 7(T)
which, along with the assumption on T introduced in Eq. (48), yields
1¥¢lle., <¥
This clearly contradicts the statement in Eq. (53). Therefore,
7M., <¥
which proves Eq. (49). Further, it follows from Lemma 4 that

[1H2(5)l ¢, ;
=[Gl L

ez, =

which holds uniformly for all # > 0 and therefore leads to the first
upper bound in Eq. (50).
It follows from Eqgs. (39) and (41) that
) M(s)C(s)r(s) — M(5)6(s) — C(s)A(s)d(s)
u(s) =
C(s)A(s) + (1 — C(s))M(s)

To prove the second bound in Eq. (50), we use the expression of
s (s) from Eq. (13) to derive

H;(s)

) = h5) = ~Ho(0)d,(5) + "¢ 5)
=~ HO)5) + ) o 5O) 79

It follows from Eqgs. (44) and (79) that

= teellc, = LIH() 2, 1y = Yreell .
+ [1H3()/M(5) Iz, 1Vl

which, along with Eqs. (49) and (50), leads to the second bound in
Eq. (50). The proof is complete. O

Thus, the tracking error between y(f) and y.(f), as well be-
tween u(f) and u,(t), is uniformly bounded by a constant propor-
tional to 7. This implies that during the transient one can achieve
arbitrary improvement of tracking performance by uniformly
reducing T.

Remark 1. Note that the parameter T is the fixed time step in the
definition of the adaptive law. The adaptive parameters in 6(¢) € R”
take constant values during [iT, (i + 1)T) for every i =0, 1,....
Reducing T imposes hardware (CPU) requirements, and Theorem 1
further implies that the performance limitations are consistent with

the hardware limitations. This in turn is consistent with the earlier
results in [35,6], in which improvement of the transient performance
was achieved by increasing the adaptation rate in the continuous-
time adaptive laws.

Remark 2. We note that the following ideal control signal

uideal(t) = r(t) - Oref(t)
is the one that leads to desired system response
yideal(s) = M(S)V(S)

by canceling the uncertainties exactly. Thus, the reference system in
Eqgs. (5-7) has a different response from the ideal one. It only cancels
the uncertainties within the bandwidth of C(s), which can be selected
to be compatible with the control channel specifications. This is
exactly what one can hope to achieve with any feedback in the
presence of uncertainties.

Remark 3. We note that stability of H(s) is equivalent to
stabilization of A(s) by

C
#) (80)
M(s)(1 = C(s))

Indeed, consider the closed-loop system, composed of the system
A(s) and negative feedback of Eq. (80). The closed-loop transfer

function is
C(s)
46/ [ 1440 g5 ) &1

Incorporating Eq. (10), one can verify that the denominator of the
system in Eq. (81) is exactly H,(s). Hence, stability of H(s) is
equivalent to the stability of the closed-loop system in Eq. (81). This
implies that the class of systems A(s) that can be stabilized by the £,
adaptive output-feedback controller Egs. (32), (33), and (35) is not
empty.

Remark 4. Finally, we note that although the feedback in Eq. (80)
may stabilize the system in Eq. (1) for some classes of unknown
nonlinearities, it will not ensure uniform transient performance in the
presence of unknown A(s). On the contrary, the £; adaptive
controller ensures uniform transient performance for both of the
system’s signals, independent of the unknown nonlinearity and
independent of A(s).

VII. Simulations
A. Numerical Example
Consider the system in Eq. (1) with

AGS)=(s+1)/(s* — s> — 25+ 8)

We note that A(s) has poles in the right-half complex plane. We
consider the £, adaptive output-feedback controller defined via
Eqgs. (32), (33), and (35), where

1
s+ 14s + 1

100
€O =Sy 11000

M(s) =
T=10"

First, we consider the step response for d(¢) = 0. The simulation
results of £, adaptive controller are shown in Figs. 1a and 1b. Next,
we consider

d(t) = f(t, y(£)) = sin(0.1¢)y*(¢) + sin(0.41)

and apply the same controller without retuning. The control signal
and the system response are plotted in Figs. 2a and 2b. Further, we
consider a time-varying reference input () = 0.5 sin(0.37) and note
that without any retuning of the controller, the system response and
the control signal behave as expected (Figs. 3a and 3b).
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Fig. 3 Performance for r(f) = 0.5sin(0.3¢) and d(¢) = sin(0.18)y?(¢) + sin(0.4¢).
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Fig. 4 Simulation results for missile longitudinal autopilot design: Scaled response for scaled (unmatched) uncertainties.
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B. Missile Longitudinal Autopilot Design

We consider the missile dynamics from [38], which are given by
the following state-space representation:

L o1 & 0

, M, 0 M,

x(r) = x(1) + AAx(?)
0O 0 O
0 0 -2 2o,
0
0

T, [0+ k()
w;

yo=[1 0 0 0]

where x(1) =[A, ¢ §, Sa ]™ is the system state, in which A,
(ft/s?) is the vertical acceleration, g (rad/s) is the pitch rate, §, (rad)
is the fin deflection, §, (rad/s) is the fin deflection rate, k,, is the
vector of matched (in the sense of state-feedback) parametric
uncertainties, and AA contains unmatched uncertainties. For detailed
analysis of the missile dynamics, the reader is referred to [38].

In simulations, the following numerical values have been used for
the missile dynamics [38]:

a 1 Zd 1
Za _ —1.3046| - Zd _ 02142
30 6[S:|, 0 [ :|

N

1 1
M, = 47.7109|:—2i|, M, = —104.8346|:—2i|
S s

—0.4996K 0 —0.4996K 0
0.4996K 0 —0.4996K 0
B 0 0 0 0
0 0 0 0
0
0
k, =03 1
D%

Wq

Here, the matrix AA is selected to enforce the worst direction for
the change of aerodynamic parameters, with K being the uncertainty
scaling factor for unmatched uncertainties. In this example, K =0
corresponds to nonperturbed aerodynamics, and the value K =1
corresponds to uncertainties that would turn the system into an
oscillator in the presence of an linear quadratic regulator state-
feedback controller only.

For simulation of the £, adaptive output-feedback controller, the
following M (s) and C(s) have been selected, along with a sampling
rate 7 = 0.0001 s:

1 I
S — C(s) =
1/ws® + 2Lws + 1 ) = s + 2w 1 1

M(s) =

where w =8 rad/s, {=0.9, w.=120rad/s, and .= 1.85.
Figures 4a and 4b show the scaled response for scaled uncertainties,
dependent upon the changes in K, achieved via scaled control efforts.

VIII. Conclusions

We presented the £; adaptive output-feedback controller for
reference systems that do not verify the SPR condition for their
input—output transfer function. The new piecewise constant adaptive
law, along with the low-pass-filtered control signal, ensures uniform

performance bounds for the system’s input/output signals simul-
taneously. The performance bounds can be systematically improved
by reducing the integration time step.

Appendix: Facts from Linear Systems Theory

Definition 1 [41]. For asignal £(¢), where t > Oand £ € R", its L,
and truncated £, norms are

el = max (suple (o)

I = max ( sup 601

0=<t=<t

where §; is the ith component of £.
Definition 2 [41]. The £, gain of a stable proper SISO system is
defined:

IH ()], = /0 ™ |h(o)lde

where h(¢) is the impulse response of H(s).
Lemma 5 [41]. For a stable proper multi-input/multi-output system
H(s) with input r(f) € R™ and output x(¢) € R”, we have

Ixllz. = IHO e Mredle, V120
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